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APPLICATIONS OF LIMIT PLASTICITY IN SOIL MECHANICS a
Discussion by W. F, Chen
W. F. CHEN.11-Limit analysis has been used by the authorto obtain upper
and lower bounds for the active earth pressure against a vertical standing
smooth retaining wall. The analysis assumes Coulomb's yield criterion with
constant c and cp. It is shown by the coincidence of upper and lower bounds
that the Coulomb solutions for frictionless walls are exact. The author ex-
tended the analysis by the upper-bound technique to include the effect of wall
friction on the active-earth pressure. However, the application of this analysis
requires that proper stress and velocity boundary conditions should be speci-
fied so that the meaning of each solution corresponding to a problem will be
clear. These were not considered by the author; the writer's purpose is to
show that they cannot be neglected. Several erroneous conclusions result when
they are neglected.
It is helpful to summarize the behavior of the soil mass as load is in-
creased or decreased to i~s maximum or minimum value. The behavior of a
particular apparatus consisting of a large bin with a movable end section will
be examined [see Fig. 16(a)]. By filling the bin with sand, a lateral pressure
is developed against the end section which simulates the wall. This wall is
constructed so that it can be held in a fixed position or moved inward or out-
ward. A horizontal force Pn must be applied to this wall to keep the apparatus
in equilibrium in its initial position. As the force is,increased to its maximum
value, the soil mass goes through the successive stages of elastic action,
contained plastic flow, and finally unrestricted plastic flow. The passive
collapse load, Ppm is then defined as the maximum load the soil mass can
provide against the applied force, Pn , when changes in geometry are
negligible.
When the applied force is steadily decreased, the soil mass will tend to
slide down and force the wall to move to the left. An unrestricted plastic flow
state will finally be reached and thus define the active collapse load, Pan' A
typical force versus wall movemel1t, curve is shown in Fig. 16( b). The points
marked A, B, and C represent the wall forces at rest, at passive collapse,
aSeptember, 1967, by W. D. Liam Finn (Proc. Paper 5424).
11 Asst. Prof. of eiv. Engrg., Lehigh Univ., Bethlehem, Pa.
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and at active collapse respectively. If the limit load theorems are applied to
obtain bounds on the collapse loads, the stress (equilibrium) solutions will
give force points which fall within the range BC. The velocity solutions will
give force points falling outside the range of BC. When the active collapse load
is sought, it is helpful to keep in mind that stress solutions give upper bounds
(numerically) and velocity solutions give lower bounds.
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FIG. 16.-RESULTS OF RETAINING-WALL TESTS
Returning to the point, the active collapse load Pan' against a rough wall
with angle of wall friction I) (Fig. 17) is computed by the velocity solution
technique. Solutions will be obtained corresponding to: (1) different conditions
imposed on the wall; (2) the way the force, Pan' is applied; and (3)the relative
magnitude of I) and l/J. Consider the case where the wall is restrained in such
a way that it can only move to the left or to the right and the applied force,
Pan' is applied horizontally at a point one-third of the depth of the wall from
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the bottom. Figure 17(a) then provides a kinematically admissible velocity
field for the solution. In the notation of the paper, in which H = the wall depth,
the sliding surface AC makes an angle f3 to the wall. The compatible velocity
relations in Fig. 17(a) are shown in Fig. 17(b). Two discontinuous velocities
are possible on the wall surface depending on relative magnitude of I) and q,.
For the caslLof I) :s q" velocity diagram o-a-b [Fig. 17(b)] is expected where
the vector ab is the discontinuous velocity across the wall and the rigid
triangle ABC [Fig. 17(a)]. For this case vector ~ =Db. On the other hand,
for I) "" q, the perfect plastic idealization requires that the relative velocity of
thewall to the triangle ABC (Vector ac) must make a constant angle q, with the
slip-surface. Hence VI = DC.
The term, I) :s q, will be discussed first in the following paragraphs. The
rate of dissipation of the energy' due to the Coulomb sliding friction between
the soil and the wall can be computed by multiplying the discontinuity in
velocity across the surface by tan I) times the normal force acting on this
H
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FIG. 17.-COMPUTATION OF ACTIVE COLLAPSE LOAD BY THE VELOCITY
SOLUTION TECHNIQUE
surface. The total rate of dissipation of the energy due to friction in this
problem is then found to be
(Pan tan 1)(labl) H = Pan tan I) Va sin (90 0 - f3 - q,) H
The total rate of dissipation of the energy is obtained by adding the dissipation
of the energy due to all the discontinuities in the mass of the soil. Thus,
equating the rate of the external work to the rate of the internal dissipation
gives
1
-Pan Va cos (90 - (3 - q,) + 2'Y H 2 tan (3 Va sin (90 - (3 - q,)
= C Va cos q,~ + Pan tan I) Va sin (90 0 - (3 - q,) ••••••••• (71)
cos I-' .
or Pan = 1 + tan I) m:{90 f3 _ q,} [~'YH2 tan (3 tan (90 - (3 - q,)
- c H cos f3 co~0(9~ _ {3 _ q,} ] ••••.••••••••••••••••••• (72)
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By Theorem 2, Pan is a lower bound for the active collapse value. The function
has a maximum value when d Pan /df3 = O. For the special case, when c = 0,
the condition for the best choice of angle f3 is
( ) sin 2 f31 + tan <5 tan 90 - (3 - cp = sin 2 (jj + cp) •.•.•••..••.••• (73)
It is difficult to solve for f3 in terms of given values of cp and <5. Alternatively,
solve for <5 in terms of (3 and cp by assuming any value of (3. Hence,
sin cp cos (180 - 2(3 - cp)
tan <5 = cos2 ((3 + cp) • • • • • • • • • • • • • • • • • • • • • • (74)
Since <5 2: 0, this requires (3 2: 45° - t. For the case <5 0, the best choice of
f3 is 45° - t.
The total active earth pressure, Pa' is usually defined in soil mechanics
to be the resultant of Pan and Pan tan <5. Hence,
Pa = [pJn + (Pan tan <5)2)1/2 = sec <5 Pan •••••••••••••••• (75)
when <5 = 0, (smooth wall), Eq. 75 reduces to Eq. 39, agreeing with the value
obtained by the author.
When the angle (3 is arbitrarily chosen equal to 45 - t, the total active
collapse pressure Pa of Eq. 75 can be reduced to the following form
For the particular case of cohesionless soil, in which c = 0, the value of Pa
depends solely on the values of the angles cp and (3. For cp = <5 = 30°, the dif-
ference between the total active earth pressure Pa corresponding to Eq. 74
where (3 = 35.8°, and the arbitrary choice of f3 =i -t is less than 3%. In
connection with practical problems, this error is insignificant. With de-
creasing values of <5, the error decreases further until for <5 = 0, the approxi-
mate solution is exact. It is interesting to note that the values obtained are
identical with the classical Coulomb's solution which is based on the assump-
tion that the cohesion of the soil is equal to zero.
There is no classical solution available12 for the case where c '" O. Eq. 75
or Eq. 76 do provide useful information, although the answers may not be
exact.
For the case <5 2: cp, Coulomb shear, instead of Coulomb sliding, is another
possible kinematically admissible choice for a solution. Now the energy
dissipated along the wall is the energy given by Eq. 27.
A straight forward calculation gives
12 Terzaghi, K., Theoretical Soil Mechanics, John Wiiey and Sons, Inc., New York,
1943, p. 49.
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-Pan [Vo cos (90 - f3 - ep) + Vo sin (90 - f3 - ep) tan ep]
+ -2
1
y H 2 tan (3 Vo sin (90 - (3 - ep) = c Vo cos ep '-!!-f3cos
+ cH Vo sin ~~~; f3 - ep) cos ep •••••••••••••••••••••• (77)
or Pan =.1 + tanepta;(90 _ {3 _ ep)[~YH2tan{3tan(900 - (3 - ep)
cos ep ]
- c H cos {3 cos (90 _ f3 _ ep) - c H tan (90 - (3 - ep) ••• • • •• (78)
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Bear in mind that when the active collapse load 1s sought, velocity solutions
give lower bounds. Hence, the results of th'is evaluation are summarized in
Table 1 by comparing Eq. 72 with Eq. 78. (Maximizing the positive term, and
minimizing the negative terms on the right of these equations.)
It is clear that if a different velocity and stress boundary are imposed on
the wall and on the loading, a different pattern of velocity field may govern
the solution. Hence, different answers can be expected.
TABLE I.-EQUATIONS GOVERNING THE ACTIVE COLLAPSE LOAD
Value of 6 c = 0, ep * 0 C * 0, ep * 0
6 < ep
6 = ep
6 > ep
Eq. 72 governs
Eq. 72 Eq.78
Eq. 78 governs
Eq. 72 governs
Eq. 72 governs
Eq. 72 or Eq. 78 governs
depending on the magnl1nde of
c and ep
Strictly speaking, the limit load theorems are not applicable in general to
any process in which energy is dissipated by friction.13 Nevertheless, for a
soil, there is a strong temptation to ignore all these considerations and to
compute the upper bounds as discussed above. The results do provide useful
information, if not the full answer.
The author's purpose, as stated, is to present the theory of limiting plas-
ticity to soil mechanicians, hence, many known problems2 ,3,4 have been
selected for illustrative purposes. It is rather surprising to note that the vital
assumptions the theory is based upon are not discussed thoroughly. For
instance, the theory has rested largely on the assumption that the plastic
strain increment vector is normal to the yield surface. If normality holds,
then the strain increment vector must indicate a volume increase. Numerous
experiments give evidence that this predicted dilation is much larger than that
found in practice,14,15 even though other predictions based on this idealization
13 Drucker, D. C., "Coulomb Friction, Plasticity and Limit Loads," Journal of Applieq
Mechanics, Vol. 21, 1954, pp. 71-74.
14 Drucker, D. C., "On Stress-Strain Relations for Soils and Load Carrying Capacity"
Proceedings, 1st International Conference on the Mechanics of Soil-Vehicle System,
Turin, Italy, June, 1961, pp. 15-23, Edicioni Minerva Technica.
15 Drucker, D. C., Gibson, R. E., and Henkel, D. J., "Soil MechaniCs and Work-
Hardening Theories of Plasticity," proCeedin!S, ASCE, Vol. 81, 1955, Separate 798;
Transactions, ASCE, Vol. 122, 1957, pp. 338-3 6.
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are remarkably good.s ,4 Considerable care, therefore, is required in attempt-
ing to correlate the theoretical results with the experimental data.
A. C. Palmer16 has tentatively concluded that the Coulomb yield criterion
represents. a lower yield condition for real soils. More recently, J. L. Dais17
formulated an isotropic frictional theory as contrasted with a plastic idealiza-
tion for a granular medium. His predictions on the shape and the extent of the
deformed region for a wedge indentation problem agree with experiments.
Finally, the writer wishes to note that the author has discussed two
mechanisms for the upper bound computations of ultimate bearing capacity in
c - l/J soil. One, by L. Prandtl16 (Fig. 14), contains a rigid region which acts
as an extension of the punch; there is no relative motion between the footing
and the contacted soil. The other, by R. Hill19 (Fig. 15), assumes zero friction,
and appreciable slip does take place. .
Both solutions give the same answer as Eq. 66. ShielcP° has shown that by
extension of the classical Prandtl's plastic-stress field into the remaining
rigid regions, Eq. 66 is also a lower bound for each l/J less than 750 without
violating the Coulomb's yield criterion. Therefore, the limit pressure, P, of
Eq. 66 is exact for all possible finite sliding friction between the footing and
the sol1 mass, according to Drucker's frictional theorems.1S
The writer would like to point out that the determination of an admissible-
stress field for a lower-bound solution is not merely a matter of guess. Ex-
cellent techniques have been developed21 ,2z using the physical intuition
deveioped by engineers for obtaining lower bounds on plastic-limit loads. The
general strip-foundation problem has been solved.z1 Further research is now
under way at Lehigh University.
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